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1. Introduction.

The important role of the critical curves (LC_;, LC, and their images), as introduced by Gumowski and
Mira since thirty years ago (see [Gumowski and Mira, 1980}, and refercnces therein), is now emerging.
These have been used to understand the dynamical properties of two-dimensional noninvertible maps,
and their bifurcations, in particular for global bifurcations. For a recent survey of the references on thia
topic see [Mira et al, 1996], while a recent survey of the results and properties on two-dimensional
noninvertible maps, obtained making use of the critical curves, can be found in [Abraham et al, 1996).
These are only the very firat steps towards the understanding of the dynamics of such maps, and it is
our believe that we are moving towards the right direction,

Another pioneering work by Whitney (1966) started, a parallel field on the classification of map’s
singularitien, After this seminal paper singularity theory developed rapidly, and & high lavel of
classification has now been reached. Also catastrophe theory may be dated to start with that work, see
[Arnold et al., 1986, Arnold, 1991]. The fundamental notions introduced by Whitney are those of fold
points and cusp points for maps of the plane, proving that these are stable under perturbations, and
proving that these are “generic” as every singulatity of a smooth map may be anitably perturbed into
fold and cusp.

'I'he objective of the present work is to get a bridge between the two kinds of studies, by e comparison
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of the definitions, and an analysis of the properties, in order to reach a unifying approach. In our
opinion this may be a source of interesting results. Our main goals are to obtain a hetter understanding
of the geometrical hehaviour of a map when an arc crosses, through some particular point, LC_y, and a
better understanding of the bifurcations occurring in the foliationa of the plane, that is changes of
shrnctures related to changes in the dynamics. For example, the lip structure, the doveiail (or
swallowtail) and other situations have already been described [see Mira et al. paper to appear, and new
book], but also the other structures already classified in the singularity theory have a corresponding

situation in the plane foliation and related qualitative different dynamics.

2. Critical curves 1.C_, and LC.

Let ns first give the definition of the critical curves of rank-0 (LC.,) and of rankl (LC), let us say “in
Mira’s sense”, for short. Thir notion is exactly the two-dimensional extension of the notion of local
extrerna in the one-dimensional case, as these are the points which qualifies the dynamical behaviours
and bifurcations of a map. This is now welt known in the one-dimensional case [Mira, 1887, De Melo
and van Strien, 1991, Sharkovsky et al, 1993, Robinson, 1995], but not so well know in higher

dimensions.
Def.l A point ¢, € A is called a critical point of rank-0 of T sf I 18 not locally invertidle in it

The image of a critical point ¢_q of rank-0 is called critical point of tank-1, ¢, and denocted by ¢, and so

on for their images ¢, of increasing rank. The sets of gsuch points are denoted by LC_,, L.C, ..., LGy, .

By definition we have that in any neighbonrhood U of a critical point ¢_g, '[: U — T(U) is not one-to-

one.

Remark. The definition given above holds for any continuous mup T: ACR" — A, n2>1
(difforentiable or not). It holds also for a map which is not continuous in some subset of A of zero
Lehesgue measurte, with finite jumps, but in this case it is necessary an heavier notation in the eritical

points of rank > 1 when there is a jump in ¢ ;.

Remark. If we define a point p € A as regular if T is invertible in p, that is, a aeighbourhood U of p

exitts auch that T: U — T(U) is one-10-one, then a point is critica) of rank-0 if it is not regular.

Let us consider T in the plane. It is clear that assuming T amooth we can snalyse some nocessary or
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sufficient condition to have a eritical point ¢y or . As when the sign of the jacobian determinant
I(x,y)=det(DT(x,y)) is not zero the map is locally invertible it follows thal a mecessury condition (not

sufficient) for p=(z,y) to be a critical point of rank~-0 is J(z,y)=0.

While in the one dimensional case, for a point x such that f(x)=0 the change in sign of ¥ in
neighbourhood of x is a sufficient condition to have a critical point ¢_j, in dimension two the change of
sign of the jacobian determinant J(z,y) on the vight and left side of a curve where J(z,y)=0 (which ss a

necessary condition for LC_y) is not sufficient 1o state that the curve belongs to LC.;.

Clearly T")(c) D¢., . When the equality does not hold then the points of 17'(c)\c;, when not eritical

of rank-0, are called cxtra preimages of ¢. An extra preimage curve 1O, s a locus of such pointy.

Remark. The definition “a point c_y is critical of ravk-0 for T, and ¢=T(c_,) is eritical of rank-1, if at
least two coincident rank-1 preimages of ¢ are merging in c_,” which can be considered the original one

[Gumowski and Mira, 1980], is to be interpreted as equivalent to the one given above.

Tooking for the distinct rank-1 preimnages of the points in the plane, we can divide the plane in regions,
denoted by %, [Mira et al., 1996]. A region Z; is such that all its points have the same number of
distinct rank-1 preimages, obtained with the same inverses of T.

Then o eritical curve LC belongs to the boundary of some region Z, (but the converse ia not necesaarily
irde).

Such zones in which the plane can be subdivided correspond to the “foliation of the Riemann plane”,
and, together with the curves LC_y, give o geometrical interpretation of the action of a map and of its
inverses. If we consider the paramcter space related to the constants defining ‘T', we shall get a
correspondence between zones in the paramneter space and Lhe qualitative structure of the regions 2 of
the foliated plane, Qualitative changes in the structure of these zones correspond to drastic changes (or
bifarcation) in the functions defining ‘I'. We can try a “classifications of types of zones” and of their
bifurcations, i.c. their appearance or destruction or qualitative changes. For example the transition of &
region Z, into one of type Z,-Z, due to one of the two shecta which folds again with a cusp. A few
example are reported in [Mira et sl., 1995}, involving & “lip-structure” or a “dovetail (1.e, swallowtail)-
structure” (see the figures included, taken from Mira et al., 1995). This terminology recall in mind
pome structures in catastrophe theory, but really ‘the relation between the two theories is not only
accidental, Such changes also implies, generally, bifurcations in the dynamics, As in fact the changes in

the regions Z, modify the inverses of 'L, and thus the structures depending on the preimages, like the
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basins of atiracting sets or Lhe houndary of the set of unbounded trajectories 8D, ar modified.

We have mentioned above a cusp in the boundary of a zone. This is (almost) the definition in Mira’s

Hernse:

Def.2a We say that the critical point of rank-0, p_y, is & cusp of LG, if its image p is a cusp point of

the critical curve 1.C.

Nef.2b We say that a critical point of rank-1, p, is of type fold (resp. cusp) of LC if the number of
merging proimages T;-l(p):p_l is even (resp. odd). The point p_ of taerging preimages is aliu called a

fold (resp. a cusp) point of LC_,.
That definitions 2u and 2b for a cusp are equivalent is a consequence of Whitney’s work.

As the rank-1 preimages are ohtained as solutions of algebraic equations, we have that the generic cases
of a critical point p of rank-1 of type fold (resp. cusp) of LC i one having two (resp. three) merging
pretmages '.l?}'(p):p_,. And a point p having three merging preimages in p_; can only ocenr if p_; is a
contact point between a critical curve LC_; and a curve of extra preimages L(J,m, as qualitatively

shown in Fig.1

3. Whitney’s fold and cusp points.
We recall here the definitions given in [Whitney, 1956}, with only a change in the notation. Consider
themap T: A = A, AC R? open, as smooth as necessary, defined by
x'=f(x,y) , ¥'=g(x,y).
By DT(x,y) we denote ita jacobian matrix at. the point (x.y), the Jacobian, or determinant of DT(x,y),

is denoted by J(x,y).

Def.W1 - A point p=(x,y) € A is good if
either it is non singular, J(x,y) # 0
or it is singular, J(x,y)=0, but with V.l(x,y):[-l%.] E’?—y” #10

Propetty.] - It p=(x,y) is good then the matrix DT(x,y) is not the null matrix, Thus the space image

of YI'(x,y) has dimension 2 if p is non singular and dimension 1 if p is singular.
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Def.W2 - T ir good if any p € A is good.
Property.2 - If T is good in A then the set I(x,y)=0 is made up of smooth curves,

Let p=(x,y) be a singular point of A, I good, and denote by 7(x,y) the vector otogonal to VI(x,y),
. 8
J

r(xy) = [1,(%y) To(x.¥) | = {-8—y -5}-; ] is the direction tangent to J=0in p.
Def.W4 - Let T be good. A singular point p=(x,y)

is a fold point iff DT 7(p) # 0

in a cusp point iff DT r(p)=0 and 74(p) -‘%I)T 7(p) + T5(p) (%DT (p) #0

Def.W5 - Let ‘T be good. A poiut p=(x,y) i excellent. if either it is non singular or fold or cusp. T in

excellent if any p € A is excellent.

Remaurk. "' excellent = ‘I' good, but the converse is not true. As we shall se¢, a good map T may have

singular points which are neither fold nor cusp in the above definition.

Properties.

(a) If T is excellent the cusp points are isolated on the curve J=0.

(b) ‘The curve T(J=0) is smooth except for cusps at the images of cusp points.

(¢) The canonical form of & map having a fold point in p=(0,0) is x'=x? , y'=y . The canonical form of
a map having 8 cusp point in p=(0,0) is X' =xy-x° , y'=y . (Le. if p is & fold point or & cusp point of T
then a smooth change of cootdinate exists such that in the new system T takes the canonica) forin)

(d) Arbitrarily near any map, there in an excellent map.

(¢} 'I'he nature of fold and cusp points cannot be changed under “3-approximation” (i.e. maintaining
the derivatives up to the third order). (In Whilney’s paper [ are also described the changes allowed

under less approximations).

Let us glve a geometrical interpretation of the above definition. Let T be a good map. Then the locus
J(x,y)=0 of singular points is smooth. Let p=(x,y) be a singulat point, then the jacobian matrix has an
cigenvalue Ap(p)=0 and another eigenvalue A (p). Let Vo(p) be the cigenvector associated with Ag=0
and V (p) the eigenvector associated with the eigenvalue A, if A, # 0, or the generalized cigenvector if
Ay=0 too, Vg and V, are linearly independent.

If the tangent vector 7(p) is not parallel to Vo(p) then DT(p) r(p)=V,(p) # 0. That is, the tangent in

p to the set J=0 is mapped by T into the tangent in T(p) to the set T(J=0). p is & fold point.
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Moreover, any arc n crossing J=0 in p and nol tangent to Vy(p) is mapped by 'I' into an arc tangent to
V,; that is T(n) and T(J=0) have the common tangent V,(p) in the fold point T(p) (sec Fig.2a).
Extending Whitney's definition we call T(p) fold or cusp depending on p fold or cusp. We only wish to
know what happens to an arc 7 crossing J=0 in p and tangent to Vg(p). As shown in [Mammana and
Cardini, 1996}, such an arc i maphcd by T into an arc T(n) baving & cusp in the fold point 'I'(p) of
‘I'(57) (the tangent to the cusp depending on ) (see Fig.2b), however, due to propery (c) this behaviour
can be seen immediately making use of the canonical form.

If the tangent vector r(p) is parallel to Vy(p) then DT(p) r(p)=0. But if Whitney's second order

condition is satisfled, then 74(p) (%DT 7(p) + 74(p) %I)’I‘ 7(p) = V,(p). T(p) is & cusp point of the
curve T(3==0) and V,(p) ir the vector tangent Lo the cusp (see fig.3a) (the terminology “tangent to Lhe
ensp” ig in the geometric sensc). If n is an arc crossing J=0 in p and transverse to V,, then T(n) is an
arc tangent to V,, i.e. T(n) crosses the curve T(J=0) (see Fig.3b). While if n is an arc crossing J=0 in
p and tangent to Vg then the shape of T(n) depends on the relative position of 7 with respect to the

curve J=0 and the curve of extra-preimage through p, say (J)y (see Fig.3c).

4. Merging of the fold and cusp points with LC_; and LC.

It is clear that if p is & fold point or a cusp point in Whitney's sense, according to Def.W4, then it is
also & fold or cusp point belonging to LC_ in Mira’s sense (in parcticular if T ia excellent then J=0 i
the curve LC_,). The converse is not necessarily true. As in fact Whitney’s definitions applics to a
“generic” map, while Mira’s definition, which are to be used when studying the dynamics of T as a
function of its paratneters, have to include also the cases which are “not generic” following Whitney.
For example, let us assume that T is good, and consider a point p € (J=0) such that DI r(p)=0 and
T4(p) %I)T r(p) + r(p) %l)’[‘ 7(p)=0. Then this point is neither a fold nor a cusp in Def.W4 .
However §t comes natural to call auch a poinl a fold or a cusp if it lurns oul that “it behaves like o fold
or a cusp”. 'Phis is what we do following Mira’s definition. As an example, consider the triangular

family of maps

y_ pyx + f(x)
X =
T { 1+py
y' = 14py (*)
defined in a suitable open set A [Bischi and Gardini, 1995].
From the apectral properties of T we find the jacohian J(x,y)= py-:’fl')(;c) » It is immediate to see that

any map ‘T in the class (x) is “goud” in Whitney’s definition, as in any point (x,y) of its domain A, it

' W

in either J(x,y) # 0 or J(x,y)=0 but V{J(x,y)) # 0. In fact, V(I(x,y)) =p [ ;v_é:;, P(_(J_%_Q‘S_)ﬁl ] has the
ry

second component always different {rom zero when J(x,y)=0. Moreover for the class of maps T in (+)
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we have that LG, is the set defined by J(x,y)=0 and we can write
(xy) €TC, & y=-50(x) and F(x)#1
"The vector tangent to LC_| in one of its points (x,y) has the direction
rxy)={r T1]= ﬁ%; [-» f'(x)]
The eigenvectors of D'I(x,y), when (x,y) € LC,, correaponding to the eigenvalues y,=0 and s,=p,
called V and V, respectively, are given by
x - f{x)
Vo) =[1 0] , Vilxy) = a7 1]
‘Ihus when £(x) # 0 the tangent to LC_; ia its point (x,y) is not parallcl to the eigenvector Vi(x,y).
This is a sufficient condition for (x,y) be a fold-point of LC_,. Its image by 'T' is a fold-point, of LC,
with tangent vector in T(x,y) given by V,(xy).
While at & point (x,,y,) € LC., such that £(x,)=0, the tangent to LC,, is parallel to the eigenvector
Vo(x,,¥,). Such a point (x,,y,) may be (but not necessarily) a cusp-point of LC,, and its image by T a
cusp-point of LC. By applying Whitney’s second frder condition in this point we get:

T EQ;(')'I,'T) + Tz%(DTT) = m‘fx":)? (x,) Vi(xpy,)

8o that if £/(x,) # 0.it is A cusp, with V (x,,y,) langent to the cusp T(x.,&,).

We note that, depending on f(x), we muy have a map T which is good but not excellent. In fact, if f(x)
is such that at a point x we have f'(x,) # 0, f(x,)=f"(x,)=0, then (x,y,) € LC_; is good but neithed
fold nor cusp.

However, in the geo:xnetrical sense such & point may be either a fold or a cusp point. For example,
considering f(x)=x%c, T is a map of type Zg-4q and the point (0,0) € LC; is of fold type, while
considering {(x)=x"-x then (0,-1) € LC_, is of ensp type.

Ohserving that in Whitney’s notation, if ¢(t) is a parametrization of J=0 such that a point

p=(x,y) is get at t=0, then

A1)y =0 = V,T(P) = DTr(p)

;‘i%r(tﬁ(f.))h —o= V.V T(p) = 7,(p) 7%["’-' (p) + 4(p) z%r)'rr(p)

we conjecture that a possible extention of Whitney’s definition to good points is as follows:
let p € (J=0) be a good point of T and k the first integer such that

LBl =o = V7V T0) #0

then p s a fold point or ¢ cusp point depending on k odd or k even respectively.

It is easy to see that for the class of rmups given in (¥) we have, for the first non vanishing derivative,




20-08-96  09:44 0722 327655 IST. ECONOMICO =-> ECM Pag. 09

j%;q‘(f’(t‘))'g =0 = *+ 'l(x,) Vl(x‘,yn) #0

and in this example the rule given above gives the coreect result.

fi. Non good points.
However, the main difference between Mira’s definition of critical points and Whitney's definition
occurs at points which are not good. At a point

p € (J=0) such that VJ(p)=0
i.e. not good, we have no information. And we cannot perturb T if we are reslly intcrested in the
dynamics of that map. 1t can be seen, through examples, that such a point may be of any type:
(i) p may be not a critical point in Mira’s notation (i.e. 2 point not belonging to LC ),
(ii) p € LC_; may be of fold type,
(iii) p € LC_{ may be of cusp type,
(iv)pe LC_l may be neither of fold nor of cusp type.
Furthermore, avery point of L.C_; localed in the intersection of different branches of 1.C_y is & non good
point. whose geometrical properties must he investigated in cach particular case,
It is clear that the points p belonging to the class (iv) are the more interesting ones. They may
correspond to situations of bifurcation, but may be persistent in the map to study. They are particular
and the properties of “folding”, when an arc 7 crosses through LC_; in such a point, may not occur in

the same way as for fold or cusp points,

Example i: cases (i) and (ii). Let 'I' be defined by

'=x3 |, y'=x+y?
then J(x,y)=6x*y and J=0 on the axis x=0 and y=0, but only y=0 is the critical curve LC_|. Any
point (0,y) with y 3 0 i8 not good but it is not a critical point. .
The particular point (0,0) is & critical point not good. However in this example (T is of type Zg-4y), it
is a fixed point and a critical point of fold type (tig. 4).

kxample 2: case (iv). Let 'L’ be defined by
x'=x3 , y’=x+y2

then J(x,y)=4xy and J=0 on the axis x=0 and y=0, both constituting the critical curve LC_;. T is a

map of type ZyZ,-Z, (see Fig. 5). The point (0,0) is a fixed point and a critical point of type neither

fold nor cusp, A segment 7 crossing (0,0) transverse to r, vector tangent to LC-],a and tranyverse to

Vi i8 mapped by T into and arc tangent to V, but crossing the critical curve LC:,,.
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1t is clear that the non good points arc those related to qualitative changes in the plane foliation. They
occur, for example, when b cusp point cones to contact a fold curve as some parameter of T is varied,
and thus denotes a change in tha structure of zones %, to which there correspond, generally, changes in

the dynamics, or in the structure and shape of sorne basin.

6. Applications.
The classifications of the critical points of 'I' and the understanding of the action of the map 'I" when
some arc 7 crosses a critical curve very importand in the understanding of the dynamics of

noninvertible maps. A few example are bere recalled.

(a) If LC intersects 1.C_, in a point &, and the tangent to LC in s, ia not parallel to the eigendirection
Vg (of DT(ng)), then LC, is tangent, to LC in a, (and the common tangent in a, is perallel to the
cigendirection Vy, of DT(a,)). Whilc a cusp in a; appear when the tangent to LC in ag is parallel o
the cigendirection Vi, and after a loop, or knot, on LC, appear (see Fig. 6). This explains why the
boundary of & chaotic area, given by the itnages of critical ares, may be smooth or not, and when the

transition from one situation Lo the other vecurs.

(b) The situation depicted in Fig.8 can occur when the arc 3 crossing through LC_; belongs to the
unstable set of some cycle, ‘This oxplains the formation of loops in invariant sets. This oceurrence fs

alo related to the inset of chaos [Lorenz, 1989 [Mira ct al., 1006] [Froucakis et al., 1996)

(¢} The occurrence of such particular events in closed invariant curves [' born by Neimark-Hopf
bifurcation is a phenomenon related to the appearance of chaotic behaviour [Lorenz, 1989] [(Mira. et al.,
1996].

- f 1' crosses transversally LC_, and the tangent to I’ in p is not parallel Lo V, then I' is tangent to LO
in p,="1(p), and tangent to the successive images of LG, that is, to ares of critical curves LC, for i > 0.
'I'his is & mechanism, typical of non invertible maps, which creates the “ogcillations” often observed in
vhe shape of T.

- If the tangent to I' in p becomes parallel to Vy then 1 cught to develop a cusp In py € FNLC, But
this occurrence, considering the dynamics of 'I' a8 a function of a real parameter ), implies that after,
say for A> ), the closed invariant curve I' would have s “loop” or “knot”, which is not possible (for a
closed invariant curve of finite lenght, homeornorphic to a circle). That is, the value A denotes a

bifurcation causing the destruction of the closed invariant curve U, or the closed invariant curve was

Y !
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already broken, Sequences of this kind may be at the basis of the transition to complex behavior. A few

example are shown in [Mira et al., 1996}

(d) ‘The analysis and classification of bifurcations in foliation, as those appearing in [Mira et al., 1995},

{see figures).
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